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ABSTRACT
Observations and semianalytical galaxy formation and evolution models (SAMs) have suggested
the existence of a stellar mass–stellar metallicity relation (MZR), which is shown to be universal for
different types of galaxies over a large range of stellar masses (M∗ ∼ 103–1011M) and dark matter
(DM) halo masses (Mhalo ∼ 109–1015h−1M). In this work, we construct a chemical evolution model
to investigate the origin of the MZR, including both the effects of gas inflows and outflows in galaxies.
We solve the MZR from the chemical evolution model, by assuming that the cold gas mass (Mcold)
and the stellar feedback efficiency (β) follow some power-law scaling relationships with M∗ during the
growth of a galaxy, i.e., Mcold ∝ Mαgs∗ and β ∝ Mαβs∗ . We use the SAM to obtain these power-law
scaling relations, which appear to be roughly universal over a large range of stellar masses for both
satellites and central galaxies within a large range of halo masses. The range of the MZRs produced
by our models is in a narrow space, which provides support to the universality of the MZRs. The
formation of the MZR is a result caused jointly by that the cold gas fraction decreases with increasing
M∗ and by that the stellar feedback efficiency decreases with increasing M∗ in the galaxy growth, and
the exponent in the MZR is around −αβs or 1 − αgs. The MZR represents an “average” evolutional
track for the stellar metallicity of a galaxy. The comparison of our model with some previous models
for the origin of MZRs is also discussed.
Subject headings: galaxies: abundances — galaxies: dwarf — galaxies: evolution — galaxies: formation
— Local Group — astrochemistry
1. INTRODUCTION
The stellar mass and the stellar metallicity are among
the most basic physical properties of a galaxy. Both ob-
servations and semi-analytical galaxy formation and evo-
lution model (SAM) simulations reveal that the stellar
metallicity correlates with the stellar mass in both dwarf
satellites and normal galaxies. For example, Kirby et
al. (2013) find that there exists a universal stellar mass–
stellar metallicity relation in the Milky Way/M31 dwarf
satellites and some other dwarf irregular galaxies in the
Local Group, Z∗ ∝ M0.30±0.02∗ . The SDSS spectra of
over 40,000 galaxies show that local galaxies with stel-
lar masses in the range of 109 . M∗/M . 1012 also
indicate that stellar masses have a correlation with stel-
lar metallicities or gas metallicities (Gallazzi et al. 2005,
2006; Tremonti et al. 2004; Panter et al. 2008; Mannucci
et al. 2010; Gonza´lez Delgado et al. 2014; Lee et al. 2006).
Hereafter, for simplicity, we refer to the correlation be-
tween the stellar mass and stellar metallicity as “MZR”
(see also review in Maiolino & Mannucci 2019).
The MZR in the dwarf satellites of the Milky Way
(103M < M∗ < 108M or 109M) was reproduced
in the SAMs (e.g., Font et al. 2011; Li et al. 2010; Lu et
al. 2014, 2017; Hou et al. 2014, hereafter HYL14). By
using SAMs, Yates et al. (2013) obtain the stellar mass–
cold gas metallicity relation for central galaxies with rel-
atively high stellar mass range M∗ ∼ 109–1011M, and
Somerville et al. (2015) present the stellar mass–cold gas
metallicity relation for central galaxies with stellar mass
range M∗ ∼ 107–1011M. Xia & Yu (2019) use the SAM
to produce the MZRs in galaxies with a larger range of
stellar masses M∗ ∼ 103–1011M, including both dwarf
satellites and normal galaxies within a larger range of
host halo masses (Mhalo ∼ 109 − 1015h−1M). In this
paper, we investigate the origin of the universal MZRs,
by constructing an analytical chemical evolution model
of galaxies and applying the reference results from the
SAM. The study of the origin will help us to under-
stand the physical processes involving stellar formation
and evolution, gas inflow and outflow, and chemical evo-
lution in galaxies.
One key to understanding the origin of the MZR is
to model the galaxy metal enrichment processes. The
modeling of galaxy metal enrichment has evolved from
a simple “closed-box” model to relatively complex ones
including the effects of gas inflow and outflow in the past
fifty years. In the “closed-box” model (Schmidt 1963;
Talbot & Arnett 1971; Searle & Sargent 1972), an iso-
lated galaxy formation process starts from pure metal-
free gas, and no gas escapes from or is accreted onto the
galaxy. Some later modified models such as the “leaky-
box” model, the “accretion” model (Lynden-Bell 1975),
and the “pre-enriched” model (Pagel 1997), include gas
outflow from a galaxy, gas inflow, and initial non-zero
metallicity of inflowing gas, respectively. The effects of
both gas inflow and outflow are included in the models
of Finlator & Dave´ (2008), Lilly et al. (2013), and Peng
& Maiolino (2014).
Metal-enriched gas outflow is proposed to play an im-
portant role in shaping the MZR. For example, the pos-
itive correlation in the MZR can be produced in the
following cases. (1) The outflows can be stronger for
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small galaxies due to their shallower gravity potential
wells, and thus small galaxies lose more metals than
larger ones (Dekel & Silk 1986). (2) The outflow wind
strength is ubiquitous for all the galaxies, but the wind
metallicity is larger than the metallicity in the inter-
stellar medium (ISM) of smaller galaxies (Kobayashi et
al. 2007). Though gas inflows from host halos may dilute
the metallicity in the ISM, Dalcanton (2007) points out
that the inflow dilution in the metallicity cannot con-
tribute much to the low effective yield of small galaxies,
neither can the metal-unenriched outflow. Finlator &
Dave´ (2008) propose an equilibrium metallicity to ex-
plain the MZR, where the metallicity is obtained by as-
suming that the gas inflow rate is balanced by the gas
consumption rate caused by star formation plus the gas
outflow rate. Lilly et al. (2013) relax the assumption of
gas processing equilibrium, but assume an enrichment
equilibrium to obtain the equilibrium metallicity of the
gas, where metal dilution balances metal enrichment in
gas metallicity (see also a review in Finlator 2016).
In addition to the above general proposals to shape
the MZR by using gas outflow and inflow, there are also
some models specifically involving star formation rates
and histories to explain the MZR. For example, the pos-
itive correlation in the MZR is explained in Brooks et al.
(2007) by relatively low star formation efficiencies in low-
mass galaxies and in Vale Asari et al. (2009) by that the
majority of the stars form earlier in large galaxies and
the metal enrichment in large galaxies proceeds earlier.
Ko¨ppen et al. (2007) suggests that the positive correla-
tion in the MZR can be produced, if large galaxies have a
top-heavy initial stellar mass function and there are more
massive stars in large galaxies to produce large effective
yields.
In this paper, we present a chemical evolution model
to explain the origin of the MZR. Previously, we have
shown in HYL14 that the MZR in the satellites of MW-
like galaxies produced from the SAM matches the ob-
servation, given a specific set of parameters (i.e., the
fiducial model parameters in HYL14), such as on the
physical processes of feedback and the reionization of
the universe. Then we fix these parameters and ex-
plore the variations as a result of changing halo masses
(Mhalo ∼ 109–1015h−1M), central galaxies (M∗ ∼ 103–
1011M), and dwarf satellites, and we find that the MZR
is quite independent of changing these variations as long
as the fiducial model parameters are fixed (Xia & Yu
2019). In this work, by using the results obtained from
the SAM to serve as the quantitative reference to some
physical galaxy properties involved in the chemical evo-
lution model, we present an explanation to the universal
MZR. This paper is organized as follows. In Section 2,
we give a short overview of the SAM used in this work
(for more details, see HYL14 and Xia & Yu 2019). In
Section 3, we present our analytic model in the galaxy
metallicity evolution. In this chemical evolution model,
the evolution of the cold gas mass and the stellar feedback
efficiency with the growth of the stellar mass are involved
and assumed to follow some power-law scaling relation-
ships. In Section 4, we show these power-law scaling
relations obtained from the SAM, and apply them to the
chemical evolution model constructed in Section 3. Then
we use the chemical evolution model results to give an
explanation to the universal MZRs. A summary is given
in Section 5.
In this paper we set the Hubble constant as H0 =
100h km s−1 Mpc, and the cosmological model used is
(Ωm,ΩΛ, h, σ8) = (0.25, 0.75, 0.70, 0.90).
2. THE SEMI-ANALYTICAL GALAXY FORMATION AND
EVOLUTION MODEL (SAM)
In this section, we briefly describe the SAM used in this
work, which will provide some quantitative reference to
some physical properties involved in the chemical evolu-
tion model and help to explore the origin of the MZR of
MW dwarf satellites and beyond.
The SAM used in this work is based on the GALFORM
(Cole et al. 2000; see also White & Frenk 1991; Kauff-
mann et al. 1993; Somerville & Primack 1999; Somerville
et al. 2008), with several modifications by HYL14 (e.g.,
on gas cooling, stellar feedback, and metal enrichment).
The model includes planting DM halo merger trees and
then incorporating semi-analytical recipes of the bary-
onic physical processes into the halo merger trees, to
trace the hierarchical galaxy formation and evolution un-
til redshift z = 0 (Cole et al. 2000; see also White &
Frenk 1991; Kauffmann et al. 1993; Somerville & Pri-
mack 1999; Somerville et al. 2008. The DM halo merger
trees used in this work are generated from a modified
version of the extended Press-Schechter formula (Press
& Schechter 1974; Bond et al. 1991; Lacey & Cole 1993;
Somerville et al. 2008), developed by Parkinson et al.
(2008) (see also White & Frenk 1991; Kauffmann et al.
1993; Somerville & Kolatt 1999; Cole et al. 2000). For
each DM halo mass at z = 0, we use the Monte Carlo
method to generate a number of merger trees (e.g., from
10 to 1000) in order to do a statistical study. The pro-
genitor halos of each tree planted in this work can be
dated back to high redshift z = 20. As shown in Xia &
Yu (2019), to address the universality of the MZR, we
studied galaxies and DM halos with different masses by
using the SAM and the Monte Carlo method, so that the
physical properties of galaxies with different masses and
their satellites in different environments can be explored.
The SAM recipes are modified in HYL14 to make
the model suitable for studying low-mass dwarf galax-
ies/satellites. Some relevant recipes are briefly described
below. More details can be found in HYL14 (or Section
2 in Xia & Yu 2019).
• Gas cooling: The initial temperature of the hot gas
in the newly formed halo is assumed to be the same
as the virial temperature of the DM halo. The cool-
ing rate of the hot gas depends on its temperature,
mass density, and metallicity, and we adopt the
cooling rate for atomic cooling from Sutherland &
Dopita (1993). The detailed cooling recipe is based
on the GALFORM model by calculating how much
hot halo gas can cool down and “free-fall” to the
halo center within a certain time, and modified by
HYL14 by including the mixing of the gas reheated
by stellar feedback with hot halo gas (mainly oc-
curred in low-mass galaxies).
The molecular hydrogen cooling of pristine gas is
also included in mini-halos before the completeness
of the reionization of the universe (see Equations
21-29 in Benson 2010; see also Galli & Palla 1998).
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As pointed out in HYL14 that the MZR of the
satellites in MW-like galaxies is not sensitive to the
molecular hydrogen cooling process.
• Star formation and stellar feedback: The star for-
mation rate is proportional to the mass of cold gas
in the disk, given by
ψ = Mcold/τ∗ (1)
τ∗ = −1∗ τdisk(V disk/200 km s
−1)α∗ , (2)
where ψ is the instantaneous star formation rate,
τ∗ is the star formation time scale, τdisk is the dy-
namic time scale of the galaxy disk, V disk is the disk
rotation velocity, and ∗ = 0.005 and α∗ = −1.5 are
two parameters (see eq. 4.14 in Cole et al. 2000).
SNe and stellar winds will heat up the cold gas in
the disk and possibly expel it out of the galaxy as
outflows. During time interval dt, the reheated gas
mass is given by:
dM reheat = βψdt, (3)
β = (V disk/V hot)
−αhot , (4)
where β is the feedback efficiency, and V hot and
αhot are the two parameters defining the strength
of the feedback. The cold gas mass that can be
expelled from the disk is constrained by the energy
released by SNe and coupling to the IGM (see also
Guo et al. 2011), with the following inequality:
dESN − 1
2
V 2virdM reheat > 0, (5)
where dESN = halo × 12V 2SNψdt is the total energy
released by SNe and coupling to the IGM during
time dt, Vvir is the virial velocity of the halo,
1
2V
2
SN
is the total energy released per unit mass by SNe
with VSN = 630 km s
−1, and halo = 0.05 is the
fraction of the energy that couples to the cold gas
in the disk.
If inequality (5) is satisfied, then all the reheated
gas can be expelled out of the disk (part or all of
the reheated gas can even escape the DM halo).
In this case, β in the chemical evolution model de-
scribed in Section 3 (Equations 8 and 10) can still
be obtained through Equation (4). If inequality (5)
is not satisfied (normally for low-mass galaxies or
the progenitors of satellites, e.g., M∗ . 108M),
the mass of the reheated gas that can be expelled
out of the disk during time interval dt is given by
βEψdt, where
βE ≡ dESN/(1
2
V 2virψdt) = halo(Vvir/VSN)
−2, (6)
and the expelled gas stays in the halo (see more
details in section 2 in HYL14). In this case, β in
the chemical evolution model described in Section 3
is β = βE.
Note that for satellites, β in the chemical evolu-
tion model described in Section 3 is also obtained
through Equation (4) for the following reason. In
the assembling history of a halo, a satellite of a
central galaxy may be the host galaxy of a small
isolated halo before it fell into the big halo at an
early time. After it fell into the big halo, the orig-
inal halo of the satellite can be largely tidally dis-
rupted along its motion in the big host halo, and
thus we assume that all the reheated gas from satel-
lites (with mass expected by Equations 3 and 4)
is expelled into the big host halo. The tidal strip-
ping and disruption of the stellar and cold gas com-
ponents of the satellites are not considered in our
model, as they are located in a smaller central re-
gion compared with their original halo size.
The parameters in Equation (4) are set to be
V hot = 200 km s
−1 and αhot = 3.2, i.e. the fidu-
cial model in HYL14, which can reproduce some
observational properties of the MW dwarfs (e.g.,
the satellite luminosity function, the MZR) better
than the other models (see also Figure 9 in HYL14
for the changes to the MZRs caused by other sets
of the two parameters). Although these parame-
ters were set to be compatible with the observa-
tional properties of the dwarf satellites in HYL14,
the MZR for galaxies covering a large stellar mass
range (103M . M∗ . 1013M) can also be re-
produced with the same sets of the parameters in
Xia & Yu (2019).
Through cosmological zoom-in numerical simula-
tions for single central galaxies, Ma et al. (2016)
show that a large fraction of metals ejected by stel-
lar feedback can be retained inside a halo (as il-
lustrated by Figure 11 therein) even for low-mass
galaxies down to M∗ ∼ 106M and the retained
metals can further rain down back to galaxy disks),
which provides an alternative way to meet with
both the observational stellar mass function and
the MZR of dwarf galaxies. This scenario has a
similar effect as the application of Equation (5) or
(6) in the sense of retaining metals inside halos.
Satellites are not included in the work of Ma et al.
(2016).
• Metallicity enrichment: The metals ejected by SNe
are assumed to first instantaneously and homoge-
neously mixed with the ISM in the galaxy, and af-
ter the mixture, some metals can be ejected out
of the galaxy along with the mixed ISM that is
ejected out by SN explosions. The ejected gas is
assumed to have the same metallicity as the cold
gas. In this work, the Fe yield of SNe II is adopted
from tables 23 in Nomoto et al. (2006), and the Fe
yield of SNe Ia is from Iwamoto et al. (1999). As
done in HYL14, we assume that SN II explosions
are instantaneous after the formation of SN II pro-
genitors, and SN Ia explosions have a nonnegligible
time delay after the formation of SN Ia progenitors.
The SN Ia event rate adopted in HYL14 is based
on the observational results by Maoz et al. (2010),
in which a minimum time delay of 0.1 Gyr since
the birth of a stellar population is reported.
• The reionization of the universe: the reionization
in the early universe reduces the baryon fraction of
a DM halo to be below the cosmic average (e.g.,
Gnedin 2000). The reduced fraction can be mod-
eled through a mass scale called the filtering mass.
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In this work (also in HYL14), we adopt the recipes
by Kravtsov et al. (2004) (see also Gnedin 2000;
Okamoto et al. 2008) to calculate the filtering mass
and model the effects of the reionization.
The filtering mass is a function of redshift, as well
as a function of the starting redshift z0 (when the
first HII bubble formed) and the completing red-
shift zr of the reionization history. In this work,
we set z0 = 15 and zr = 10, as done in the fiducial
model in HYL14. This relatively earlier reioniza-
tion of the universe produces a stronger effect in
reducing the baryonic fraction in low-mass DM ha-
los, resulting in a relatively shallower slope or a
smaller exponent in the MZR at the low-mass end
(which agrees with the observation better, accord-
ing to HYL14). Throughout the paper, the word
“slope” and the word “exponent” of a power-law
relationship are equivalently used. Lu et al. (2017)
also discuss the importance of preventive feedback
in meeting with both the observational stellar mass
function and the MZR of dwarf galaxies, which re-
quires a strong prevention of baryons from collaps-
ing into low-mass halos in the first place and has a
similar effect as this early reionization scenario.
The parameters used in the recipes are chosen from the
fiducial model in HYL14.
In Xia & Yu (2019), we use the above SAM to investi-
gate the universality of the MZRs for both satellites and
central galaxies in a large number of different host DM
halos covering a large mass range of 109–1015h−1M.
We find that the satellites in those simulated host ha-
los follow a similar relation, with the exponent α being
in the same range ∼0.2–0.4. The simulated central host
galaxies with 103M . M∗ . 1011M follow a similar
relation. That study further shows that a double power
law provides a better fit to the MZR than the above
single power law for both satellites and central galaxies,
which gives α ∼0.2–0.4 at 103M . M∗ . 108M and
a relatively higher α ∼ 0.5 at 108M . M∗ . 1011M.
The stellar metallicity in massive galaxies with M∗ &
1011M becomes roughly constant, close to the metal
yield. The difference in the best-fit normalizations of the
MZRs is within a small factor (e.g., ∼ 2 at M∗ = 106M
and ∼ 4 at M∗ = 103M). The relatively narrow space
of the fit slopes and normalizations revealed a universal-
ity in the MZRs, which suggests the common physical
processes in the stellar formation and chemical evolution
of the galaxies can be unified with a large range of galaxy
masses and halo masses.
3. ANALYTIC CHEMICAL EVOLUTION MODELS
To investigate the metallicity evolution in a galaxy, we
start with the following conservation laws of the total
stellar mass, cold gas mass, and metal mass within the
galaxy (see eq. 4.6-4.11 in Cole et al. 2000):
M˙∗ = (1−R)ψ, (7)
M˙cold = M˙cool − (1−R+ β)ψ, (8)
M˙Z∗ = (1−R)Zcoldψ, (9)
M˙Zcold = M˙coolZhot + [p− (1−R+ β)Zcold]ψ, (10)
where M∗, Mcold, MZ∗ , and M
Z
cold are the total stellar
mass, the total cold gas mass, the total metal mass in
stars, and the total metal mass in cold gas, respectively,
the overdot ˙ above a variable represents its derivative
with respect to time d/dt, i.e., the changing rates of the
corresponding variable, M˙cool represents the gas mass
cooling rate from the hot gas in the DM halo to the
cold gas in the galaxy disk, ψ is the instantaneous star
formation rate, R is the fraction of mass recycled by stars
to the ISM (through stellar winds and SNe), Zcold ≡
MZcold/Mcold is the metallicity of the cold gas, Zhot is
the metallicity of the hot gas in the DM halo, M˙coolZhot
represents the cooling rate of the gas in metals, p denotes
the yield (the fraction of mass converted into stars that
is returned to the ISM in the form of metals), and β is
the efficiency of stellar feedback.
The stellar massM∗ is a monotonically increasing func-
tion with time t, and thus a physical variable (e.g., metal-
licity) as a function of time can also be expressed as a
function of M∗. One advantage of using M∗ as the in-
dependent variable instead of t is that some complexity
in the difference of star formation histories for different
galaxies (which can be expressed through the function
M∗(t)) can be partly removed in understanding the ori-
gin of the MZR. Another advantage of using M∗ as the
independent variable is that mass is a physical variable of
a system relating to its gravitational potential and some
variables (e.g., β) is constrained by the gravitational po-
tential of the system.
The mean metallicity in stars Z∗ ≡MZ∗ /M∗ as a func-
tion of stellar mass can be obtained by a combination of
Equations (7) and (9) and an integration over the star
formation history of the galaxy as follows,
Z∗(M∗) =
1
M∗
∫ MZ∗
0
dMZ∗
′
(11)
=
1
M∗
∫ M∗
0
Zcold(M∗′)dM∗′, (12)
=
M∗,0Z∗,0
M∗
+
1
M∗
∫ M∗
M∗,0
Zcold (M
′
∗) dM
′
∗,(13)
where M∗,0 and Z∗,0 are the initial stellar mass and the
initial metallicity of the system, respectively.
A combination of Equations (7) and (8) gives
M˙cool = M˙cold +
1−R+ β
1−R M˙∗, (14)
and then applying Equation (14) into Equation (10)
yields
d(McoldZcold)− Zhot · dMcold = p
1−RdM∗
−1−R+ β
1−R (Zcold − Zhot)dM∗. (15)
Below we show how Zcold can be solved from the above
equation, given some assumption about Zhot or its ex-
plicit form (e.g., related to Zcold or M∗).
3.1. Some previous analytical models
Equation (15) is a basic equation to describe the chem-
ical evolution in a galaxy, which can be reduced to many
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previous well-known metallicity enrichment models, e.g.
the “closed-box” model (Schmidt 1963; Talbot & Arnett
1971; Searle & Sargent 1972), the “leaky-box” model,
the “pre-enriched” model (Pagel 1997), and the “accre-
tion” model (Lynden-Bell 1975). In most of those mod-
els, a constant (or zero) hot halo gas metallicity zhot is
assumed.
For the simple case of Zhot = 0, where the hot gas in
the DM halo is metal-free and its cooling and accretion
onto the galactic disk is a metal dilution process in the
cold gas, Equation (15) is reduced to
d (McoldZcold) =
p
1−RdM∗ −
1−R+ β
1−R ZcolddM∗.
(16)
As mentioned above, here a physical variable as a func-
tion of time can be expressed as a function of M∗, and
thus the above differential equation has an analytic so-
lution as follows,
Zcold =
Mcold,0Zcold,0
Mcold
exp
(
−
∫ M∗
M∗,0
1−R+ β
1−R
dM ′∗
Mcold
)
+
p
1−R
1
Mcold
exp
(
−
∫ M∗
c
1−R+ β
1−R
dM
′
∗
Mcold
)
·
∫ M∗
M∗,0
exp
(∫ M ′∗
c
1−R+ β
1−R
dM
′′
∗
Mcold
)
dM
′
∗, (17)
where Mcold,0 is the initial cold gas mass, Zcold,0 is
the initial cold gas metallicity, c is an arbitrary con-
stant and can be canceled out in the calculation, M
′
∗
and M
′′
∗ are two dummy variables of stellar masses, and
Zcold = Zcold,0 when M∗ = M∗,0 and Mcold = Mcold,0.
Below we show that the solutions in some previous mod-
els can be obtained by reducing Equations (16) and (17)
with an assumption that p and R are constant.
• Leaky-box model. In this case, we set M˙cool = 0
and the feedback efficiency β to be constant (which
becomes the closed-box model below if β = 0), and
thus Equation (14) becomes
dM∗ = − 1−R
1−R+ β dMcold. (18)
By applying Equation (18) into Equation (17), we
obtain the solution of the cold gas metallicity as
follows,
Zcold = Zcold,0 +
p
1−R+ β ln
Mcold,0
Mcold
, (19)
and an application of Equation (19) into Equation
(13) yields the stellar metallicity as follows,
Z∗=
M∗,0
M∗
Z∗,0 +
(
1− M∗,0
M∗
)
Zcold,0
+
p(1−R)
(1−R+ β)2 ·
Mcold,0
M∗
·
(
1− Mcold
Mcold,0
+
Mcold
Mcold,0
ln
Mcold
Mcold,0
)
. (20)
When Mcold  Mcold,0, we have Mcold,0 ' (M∗ −
M∗,0)(1 − R + β)/(1 − R), and Equation (20) can
be transformed to be:
M∗ · Z∗ = M∗,0 · Z∗,0 + (M∗ −M∗,0)Zcold,0
+ (M∗ −M∗,0) p
1−R+ β , (21)
where the term on the left-hand side is the total
metal mass in stars, the first term on the right-
hand side is the initial metal mass in stars, the
second term is the metal mass contributed from
the initial cold gas to the newly formed stars (with
mass M∗ −M∗,0), and the third term is the effec-
tive metal mass due to SN nucleosynthesis in the
newly formed stars (which is first released into the
cold gas reservoir and then returned to the newly
formed stars). Equation (21) can be transformed
to be:
Z∗ − Z∗,0 = ( p
1−R+ β + Zcold,0 − Z∗,0)
×(1−M∗,0/M∗). (22)
Then we have Z∗ → Zcold,0 + p1−R+β if M∗ M∗,0,
and we have Z∗ → Z∗,0 if M∗ 
(
1−R
1−R+β
)
Mcold,0.
In a traditional leaky-box model with Zcold,0 =
Z∗,0 = 0 and M∗,0 = 0, where the galaxy evolves
from a pure gas cloud with a total baryonic mass
M0 = Mcold,0, Equations (19) and (20) are reduced
to
Zcold =
p
1−R+ β ln f
−1
gas, (23)
Z∗ =
p
1−R+ β
(
1 +
fgas
1− fgas ln fgas
)
. (24)
where fgas ≡ Mcold/M0 is the fraction of the gas
mass relative to the initial total baryonic mass.
When fgas  1, the stellar metallicity shown by
Equation (24) can be reduced to the following form:
Z∗ =
p
1−R+ β , (25)
which is usually called the effective yield (Cole et
al. 2000). If
(
1−R+β
1−R
)
M∗
Mcold
 1, we have Zcold =
p
1−R
M∗
Mcold
and Z∗ = 12
p
1−R
M∗
Mcold
∝ M∗Mcold (cf., Dekel
& Silk 1986).
• Closed-box model. If the feedback efficiency β =
0 is set in the above traditional leaky-box model,
Equations (23) and (24) are reduced to
Zcold =
p
1−R ln f
−1
gas (26)
and
Z∗ =
p
1−R
(
1 +
fgas
1− fgas ln fgas
)
. (27)
• Accretion model. In Lynden-Bell (1975), gas leak-
ing is not considered (i.e., β = 0), but a metal-free
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accretion is assumed, together with a specified re-
lation between the cold gas mass and the stellar
mass (so that the mass accretion rate is implicitly
given). The specified relation between the cold gas
mass and the stellar mass in Lynden-Bell (1975) is
shown below (see eqs. 4.4 and 4.5 therein):
Mcold = (
M∗ + Π
M∞ + Π
)(M∞ −M∗), (28)
Π =
M0M∞
M∞ −M0 , (29)
where M0 and M∞ are the initial and final bary-
onic masses of the galaxy, respectively. In the
above relation, when a galaxy just formed with
M∗,0 = 0, all the baryonic mass is in the cold gas
with Mcold,0 = M0 and Zcold,0 = 0; and when star
formation approaches the end, we have Mcold = 0
and M∗ = M∞. In this case, Equation (17) can be
reduced to
Zcold =
p
1−R
1
Mcold
exp
(
−
∫ M∗
c
dM ′∗
Mcold
)
·
∫ M∗
0
exp
(∫ M ′∗
c
dM ′′∗
Mcold
)
dM ′∗. (30)
By applying Equation (28) into Equations (30) and
(13), the cold gas metallicity (see also eq. 4.8 in
Lynden-Bell 1975) and the stellar metallicity can
be obtained as follows,
Zcold =
p
1−R
(
M∞ + Π
M∗ + Π
)2
·
[
− ln(1−M∗/M∞)− M∗
M∞ + Π
]
, (31)
Z∗ =
p
1−R ·
M∞ + Π
M∗ + Π
·
[
1 +
(
M∞
M∗
− 1
)
ln (1−M∗/M∞)
]
. (32)
When M∗ →M∞, we have Z∗ → p1−R .
• Pre-enriched model. In Pagel (1997), the hot halo
gas is assumed to have a constant non-zero metal-
licity Zhot = Zhot,0 > 0 (pre-enriched) before its
cooling onto the galaxy disk. Equation (15) be-
comes
d [Mcold(Zcold − Zhot,0)] = p
1−RdM∗
−1−R+ β
1−R (Zcold − Zhot,0)dM∗, (33)
which has a similar form as Equation (16) if Zcold−
Zhot,0 is taken as one variable. The solution of Zcold
in Equation (33) can be obtained by replacing Zcold
and Zcold,0 with Zcold−Zhot,0 and Zcold,0−Zhot,0,
respectively, in Equation (17).
• Equilibrium models including gas inflows and out-
flows. In the metallicity evolution model by Finla-
tor & Dave´ (2008), it is assumed that dMcold = 0,
dZcold = 0, and Zhot = ξZcold (where ξ is a param-
eter representing the ratio of Zhot to Zcold), thus
Equation (15) is reduced to Zcold =
p
(1−R+β)(1−ξ) .
In the metallicity evolution model by Lilly et al.
(2013), it is assumed that dMcold 6= 0, dZcold = 0,
and Zhot = Zhot,0 (a constant) to obtain an equilib-
rium metallicity (see eq. 25 therein). Given those
assumptions, Equation (15) can be transformed to
be
Zcold = Zhot,0 +
p/(1−R)
1−R+β
1−R +
dMcold/dt
dM∗/dt
. (34)
Equation (34) is consistent with equation (25) or
(26) in Lilly et al. (2013). In the model of Lilly et al.
(2013), the mass ratio of cold gas to stars is further
assumed not to change, i.e., d(Mcold/M∗) = 0. The
assumption of d(Mcold/M∗) = 0 is equivalent to
assuming dMcold = 0 or dM∗ = 0 if Mcold is a
function of M∗ (as shown in Equation 35 in our
model below).
3.2. Our model based on some power-law scaling
relations with stellar masses
In this subsection, we introduce a model by assuming
that the cold gas mass Mcold and the stellar feedback
efficiency β follow power-law scaling relations with the
stellar mass M∗ during the growth of a galaxy, where the
effects of gas inflows and outflows are included and there
are no specific assumptions of dMcold = 0 or dZcold = 0
or d(Mcold/M∗) = 0. In reality, the cold gas mass in
a galaxy and the feedback efficiency are not necessarily
monotonic functions of M∗ during the galaxy evolution.
As to be seen in Section 4.1 below, both the cold gas
mass Mcold and the feedback efficiency β are taken as
“median values” in our model, and we will show that this
power-law scaling assumption is plausible and present the
quantitative relations obtained from the SAMs. In this
model, we also relax the assumption of a constant Zhot,
as metals transfer among hot gas, cold gas, and stars
through accretion and ejection.
We assume that Mcold and β have the following power-
law scaling relations with M∗,
Mcold(M∗) = kgs ·Mαgs∗ , (35)
β(M∗) = kβs ·Mαβs∗ . (36)
We assume Zhot = ξZcold (0 ≤ ξ ≤ 1), and it is plausible
to have Zcold ≥ Zhot, since the metals produced by star
formation is assumed to be returned to the ISM, not
ejected directly from the stellar disc to the hot gas (i.e.,
e = 0 in eqs. 4.6-4.11 in Cole et al. 2000). Thus, Equation
(15) can be transformed to be the following form:
d(McoldZcold) =
p
1−RdM∗
−
[
(1− ξ)1−R+ β
1−R − ξ
dMcold
dM∗
]
ZcolddM∗. (37)
If ξ is a constant, Zcold in Equation (37) can be ana-
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lytically solved with Zcold,0 = 0 as follows,
Zcold =
p
1−RM
ξ−1
cold ·e−f(M∗)
∫ M∗
0
M−ξcold(M
′
∗)·ef(M
′
∗)dM ′∗,
(38)
where
f (M∗) ≡
∫ M∗
c
(1− ξ)1−R+ β(M
′
∗)
1−R
dM ′∗
Mcold(M ′∗)
. (39)
Below we discuss the following three simplified cases
with different ξ values, in each of which a different term
in the right-hand side of Equation (37) is simplified to
be zero.
• ξ = 0: Equations (37) and (38) are reduced to
Equations (16) and (17) (i.e., metal-free inflows
with Zhot = 0). By adopting the power-law scaling
relations of Equations (35) and (36) into Equation
(17), if β  1−R, we have
Zcold
=

pβ−1e−A(−A)1− 1α [−γ( 1α ,−A)] , if α > 0,
pβ−1
[
1 + (1−R)McoldβM∗
]−1
, if α = 0,
pβ−1e−A(−A)1− 1αΓ( 1α ,−A), if α < 0,
(40)
where α = 1 + αβs − αgs, A = 11−R · 1α · βM∗Mcold ,
γ(a, z) ≡ ∫ z
0
ta−1e−tdt (<a > 0) is the lower incom-
plete gamma function, and Γ(a, z) ≡ ∫∞
z
ta−1e−tdt
is the upper incomplete gamma function. By ap-
plying Equations (35) and (36) to the α = 0 case
in Equation (40), we have
Zcold =
p
β
1
1 + (1−R)kgs/kβs , (α = 0). (41)
The stellar metallicity Z∗ can be obtained by a nu-
merical integration over Zcold when α 6= 0 (i.e.,
Eq. 13), and Z∗ = 12−αgsZcold when α = 0 by an-
alytical integration. The condition of β  1 − R
can be generally satisfied at M∗ . 108M, as to
be seen from Figure 8 below.
If β  1−R, the solution of Zcold can be obtained
by simply setting β = 1−R and αβs = 0 in Equa-
tion (40) and in the expression of A above, as β is
involved in Equation (17) or (37) only through the
term 1−R+β1−R .
Although Zhot = 0 is assumed in this case as done
in many previous models, both gas inflow and out-
flow with β 6= 0 are allowed. Since in this case the
term of the feedback efficiency β is used in Equa-
tions (37)-(38) and shown explicitly in the solution
of Zcold (Eq. 40), we call this case the β-model.
• ξ = 1: in this case, the gas inflow metallicity
(hot gas metallicity) is the same as the gas out-
flow metallicity (cold gas metallicity). To reach
this scenario, the dynamic timescales of the inflow
and outflow should be both much shorter than the
gas accretion timescale onto the DM halo. With
f (M∗) = 0, Equation (38) is reduced to
Zcold =
p
1−R
∫ M∗
0
M−1cold dM
′
∗ (42)
By adopting the power-law scaling relations, we
have
Zcold =
p
1−R
1
1− αgs
M∗
Mcold
, (43)
Z∗=
Zcold
2− αgs
=
p
1−R
1
(1− αgs)(2− αgs)
M∗
Mcold
. (44)
Note that in this case, the relation between the gas
mass and the stellar mass is explicitly used in Equa-
tions (37)-(38) (see the term with dMcold/dM∗)
and shown in the solution of Zcold (Eq. 42), we
call this case the g-model.
• Specifically, if ξ is set so that the second dM∗ term
on the right-hand side of Equation (37) vanishes,
i.e.,
(1− ξ)1−R+ β
1−R − ξ
dMcold
dM∗
= 0, (45)
which means that the inflow metal mass balances
the outflow metal mass, Equation (37) is reduced
to the following simple form:
d(McoldZcold) =
p
1−RdM∗, (46)
which has the solution as follows,
Zcold =
p
1−R ·
M∗
Mcold
, (47)
Z∗ =
p
1−R ·
1
2− αgs ·
M∗
Mcold
. (48)
This model is an intermediate case between the β-
model and the g-model, as we have 0 < ξ = (1 +
1−R
1−R+β
dMcold
dM∗
)−1 < 1 according to Equation (45).
Note that in this case only the term with p is used
in the right-hand side of Equation (37), we call this
case the p-model.
Though the above equations on Zcold and Z∗ obtained
in this subsection have some similarity (e.g., proportional
to M∗/Mcold) as some previous model results as reviewed
in Section 3.1, they are obtained by relaxing some specific
assumptions used in those previous models, and the ratio
of M∗/Mcold is a result of the combining effects of star
formation, gas inflows, and outflows.
Note that the expectation from the g-model and the
p-models should not be taken as the reference models
at M∗ & Mcold, as the hot gas metallicity of the inflow
assumed in the models would be unrealistically too high
so that Z∗ expected by extrapolating Equations (44) and
(48) to M∗ &Mcold can be even higher than ∼ p/(1−R).
As seen from the results obtained in this subsection,
the exponents in the MZRs are closely related to the ex-
ponents in the power-law scaling relations of the Mcold–
M∗ relation and the β–M∗ relation. The metallicities
are solely determined by the Mcold–M∗ relation in the
g-model and the p-model. According to Equations (44)
and (48), the slopes of the MZRs obtained with the g-
and p-models should be 1−αgs. According to the α = 0
8 Xia & Yu
case in Equation (41), the slopes of the MZRs obtained
with the β-model should be −αβs = 1− αgs.
In principle, Equations (7)–(10) are one part of the
SAM, to describe the chemical evolution of a galaxy in
a newly formed halo. Our analytical model presented
above in Section 3.2 has the following differences from
that in the SAM. In our model, we ignore the physical
process of galaxy mergers in the evolution of the stellar
metallicity and the stellar mass. The effects of the de-
tailed physical processes, such as halo assembly and gas
cooling, are incorporated into the evolution of gas mass
with stellar mass in a statistical way, as shown in Section
4.1.1 below. The universality and the simplicity in the
expression of the MZR itself suggests that it is plausible
here to simplify the growth of a galaxy as the evolution
of several relevant physical variables (e.g., stellar mass,
gas mass, metal mass) and to use a statistical and an-
alytical way to reveal the origin of the MZR. The com-
bination of the chemical evolution model constructed in
this work with the results obtained from the SAM pro-
vides an efficient way to isolate the effects of different
physical processes and see the dominant reasons leading
to the MZRs.
Note that the chemical enrichment is included in the
SAM as described in Section 2, but the metallicities pro-
duced from the SAM are not used in the chemical evo-
lution model described in this section, except that the
SAM metallicity results can provide a support to the as-
sumed range of ξ (0 < ξ . 1) in the above analysis, as
well as a reference to the MZR to be shown in Figure 9
below.
4. RESULTS
In this section, we show the power-law scaling rela-
tions between the cold gas mass and the stellar mass and
between the feedback strength and the stellar mass ob-
tained from the SAMs. Then by applying these scaling
relations to the chemical evolution models presented in
Section 3.2, we reproduce the MZR and explain its uni-
versality. In principle, if these scaling relations are avail-
able from observations, they can also be similarly used
to the chemical evolution models to predict the MZR.
The compatibility of the SAM results with observations
(as shown in HYL14 and Xia & Yu 2019) suggests the
reasonability to extract some other physical properties
(i.e., the power-law scaling relationships here) from the
SAM.
4.1. Power law scaling relations obtained from the SAM
In this subsection, the relations between the cold gas
mass and the stellar mass and the relation between the
feedback strength and the stellar mass during the evolu-
tion of the galaxies and satellites are extracted from the
SAM presented in HYL14 and Xia & Yu (2019). In Xia &
Yu (2019), we present some of our SAM simulation run-
nings of the SAMs for central galaxies and their satellites
in DM halos ranging from 109 to 1015h−1M (see table 1
therein). In this work, we add some runnings for high-
mass halos for better statistics. The stellar masses of the
galaxies and the satellites range from 103M to 1011M
at redshift z = 0. The SAM simulations produce the
evolution of the physical properties of the galaxies and
their satellites.
4.1.1. The cold gas mass–stellar mass scaling relation
The gas fraction in a galaxy evolves with inflows, out-
flows, and star formation processes. In a closed-box
model, the cold gas fraction Mcold/(Mcold + M∗) de-
creases monotonically as the stellar mass increases. In
a realistic situation with gas inflow and outflow in the
hierarchical galaxy formation and evolution, a host halo
can gain new gas through accretion or merging with other
halos, the newly gained gas can further cool down onto
the galaxy disk, and the cold gas can also be ejected from
the galaxy disk through feedback. Thus, the evolution of
the cold gas fraction may not be monotonic, but fluctuate
as the stellar mass increases.
Figure 1 shows the evolution of the cold gas mass as
a function of stellar mass in the progenitor galaxies of
the present-day satellites before their infall into the host
halos, which are obtained from our SAM simulations. As
mentioned above, in the assembling history of a halo, the
progenitor galaxy of a present-day satellite is the host
central galaxy of a small halo at an early time before
it fell into a big halo. In Figure 1, each panel presents
the results obtained from the progenitor galaxies of the
present-day satellites in one host halo and the different
panels have different host halo masses at z = 0. Each
curve represents the growth history of the progenitor of
one satellite until infall, which we call a track. The num-
ber of the tracks in each panel is denoted by Ntrack. The
inset in each panel illustrates only one track.
Each track shown in Figure 1 is obtained by tracing the
evolution of the progenitor galaxy back to high redshifts.
Along the evolution, the progenitor may experience a
galaxy merger, and we select the relatively massive one
of the merging galaxies as the progenitor galaxy.
As seen from Figure 1, though fluctuating, the curves
show an overall increasing tendency with increasing stel-
lar masses at M∗ . 1010M. Below we obtain the “me-
dian” relation between the cold gas mass and the stellar
mass by a linear fitting to the data. The physical prop-
erties of the progenitor galaxies are recorded at the same
time interval (∼ 106 yr) in our simulations. Note that
the data are not uniformly distributed in the logarithm
of the stellar mass. To avoid some weight bias in the
fitting, we divide the logarithm of the stellar mass uni-
formly into some bins starting from log(M∗/M) = 3
with an interval of 0.5 dex. For each evolution track, we
take the medians of their variables (log(M∗), log(Mcold))
in each bin; and then we show the medians of those me-
dian values of all the evolution tracks in each bin by a
red square and show the half of the range between the
16th and 84th percentiles of those median values of all
the evolution tracks as the error-bar of the red square
in Figure 1. In that way, the different evolution tracks
contribute the same weight to the red square in each bin.
We use the least-squares method to fit the red squares
as follows,
log(Mcold/M) = αgs log(M∗/103M) + bgs, (49)
where αgs is the slope, and bgs is the intercept at M∗ =
103M and related with kgs in Equation (35) by kgs =
10bgs−3αgs . The best-fit results are shown by the red solid
line and the texts in each panel of Figure 1.
In order to have a statistically robust result, we stack
multiple trees of the same host halo mass together, and
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perform a similar fitting to the Mcold–M∗ relation in the
progenitors of their present-day satellites. Each panel
in Figure 2 shows the best-fit results to the progenitors
of the present-day satellites in a stack of ten host halos
with the same halo mass. The fitting method is similar
as done for Figure 2. In each panel, the evolution curves
of the cold gas mass as a function of stellar mass in all
the progenitor galaxies in the ten host halos are used to
obtain the medians of the variables (log(M∗), log(Mcold))
(open squares) and their error-bars. The evolution ten-
dency of the open squares shows that Mcold increases
with increasing M∗ when M∗ is low but declines at the
high-M∗ end. The increase of Mcold with increasing M∗
is associated with the halo mass buildup of the satellite
progenitors. The decline is associated with star forma-
tion, the exhaustion of cold gas, and the slow increase
of the halo mass in the halo assembly history. We fit
the median Mcold–M∗ relation mainly in the increasing
part, and the stellar mass ranges used in the fitting are
listed in Table 1. The best-fit results are also summarized
in Table 1. As seen from Figure 2 and Table 1, where
the host halo masses cover a large range, the slopes αgs
and the intercepts bgs of the fit scaling relation are in
a narrow space for Mhalo ∼ 5 × 1010–1015h−1M, with
αgs ∼0.61–0.79 (or 1− αgs ∼0.2–0.4) and bgs ∼5.5–6.0.
The χ2 values shown in Table 1 are used as a measure
of the goodness of the fit, together with the number of
the bins Nbin in the fit. In general the fits are accept-
able, and the probability that a random set of Nbin data
points drawn from the parent distribution would yield a
value of χ2 as large as or larger than the tabulated values
are mostly in the range >20%–95%. Some χ2 values are
somewhat too small, compared with the degrees of free-
dom in the fitting (Nbin− 2). Part of that reason is that
a relatively large error has been assigned to the fitting
data (i.e., using the large scatter around the median in
each bin).
To compare the satellites with the central galaxies, we
also perform a similar fitting to the median Mcold–M∗
relation in the central galaxies of the stacked trees. Fig-
ure 3 shows the evolution tracks of the central galaxies
in the stacked host halos. The best-fit results are shown
by the straight solid lines and summarized in Table 1.
As seen from Figure 3 and Table 1, though the host halo
masses cover a wide range, the slopes αgs and the inter-
cepts bgs of the best-fit scaling relations are in a universal
range for Mhalo ∼ 5×1010–1015h−1M, with αgs ∼0.57–
0.69 (or 1− αgs ∼0.3–0.4) and bgs ∼5.7–6.0.
For a comparison of the Mcold–M∗ relations between
central galaxies and satellite progenitors in different halo
masses, we combine the points shown in Figures 2 and 3
together into Figure 4(a). This comparison demonstrates
that the cold gas mass–stellar mass relations are univer-
sal for both central galaxies and satellite galaxies, and
for a wide range of host halo masses.
In Figure 4(b), we show the observational results for
galaxies at redshift z = 0 as a reference to the Mcold–
M∗ relations obtained during the galaxy growth in this
work. The results are represented by the ratios of the
cold gas mass to the stellar mass. where the blue solid
line represents the results obtained from our SAMs, and
the other points and lines represent the observational re-
sults for galaxies at redshift z = 0. Note that the blue
solid line obtained from our SAM simulations is a lit-
tle higher than the observational results at relatively low
masses (M∗ . 108M), which is plausible as the low stel-
lar mass range of the blue solid line normally represents
the relatively early evolution stage at high redshifts.
4.1.2. The stellar feedback efficiency–stellar mass scaling
relation
In the SAM, the stellar feedback efficiency β is ob-
tained through Equation (4) or (6). In this subsection,
we obtain the best-fit results to the scaling relations be-
tween the feedback strength β and the stellar mass, sim-
ilarly as done to obtain the scaling relations between the
cold gas mass and the stellar mass in Section 4.1.1.
Figures 5–8 show the β–M∗ relations for the satellite
progenitors and central galaxies in different halo masses,
corresponding to the same simulation examples shown for
the Mcold–M∗ relations in Figures 1–4(a), respectively.
As seen from the figures, β has a decreasing tendency
with increasing stellar masses. We obtain the power-law
scaling relation by fitting the data as follows,
log β = αβs log(M∗/103M) + bβs, (50)
where the stellar mass ranges used in the fitting are the
same as done for the Mcold–M∗ relation, αβs is the slope,
and bβs is the intercept at M∗ = 103M and related with
kβs in Equation (36) by kβs = 10
bβs−3αβs . The fitting
method for the β-M∗ relation is similar as done for the
Mcold–M∗ relations above. The best-fit parameters of
αβs and bβs in Figures 6–7 are listed in Table 2. Note
that β & 1 at the low-M∗ range and β . 1 at the high-
M∗ range. An extrapolation of the fitting formula to
higher stellar masses has little influence on the chemical
evolution model results, as β is involved in the chemical
evolution model through the term 1−R+ β (Eqs. 8 and
10), which is approximately 1−R for β  1.
Figure 8 shows that the β–M∗ relation is roughly uni-
versal for satellite progenitors. Table 2 shows that the
slopes αβs and the intercepts bβs of the best-fit scal-
ing relations are in a universal range, with αβs being
in the range from -0.31 to -0.23 and bβs ∼2.4–2.7 for
Mhalo ∼ 5× 1010–1015h−1M.
The median β–M∗ relation for central galaxies in ha-
los with Mhalo ∼ 5 × 1010–2 × 1012h−1M is roughly
in the same narrow space, with αβs being in the range
from -0.40 to -0.23 and bβs ∼2.5–2.8. In halos with
higher masses (Mhalo ∼ 1013–1015h−1M), Table 2
shows αβs ∼ −0.45 to -0.58 and bβs ∼2.9–3.2.
For a comparison of the β–M∗ relations between cen-
tral galaxies and satellite progenitors in different halo
masses, we combine the points shown in Figures 6 and
7 together into Figure 8. This comparison demonstrates
that the β–M∗ relations are roughly universal for central
galaxies in Mhalo . 1013h−1M and satellite galaxies
in a wide range of host halo masses with 1010h−1M .
Mhalo . 1015h−1M. For high present-day halo masses
(Mhalo & 1013h−1M), the stellar feedback efficiencies
in central galaxies are relatively lower than those in the
satellite progenitors at the stellar mass range M∗ &
106M (which is because the central galaxies in that stel-
lar mass range are at higher redshifts and have more com-
pact sizes, and their disk rotation velocities are higher.)
Note that the central galaxies in Mhalo & 1013h−1M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are shown to have stellar mass M∗ & 1011M and their
stellar metallicities are close to the yield in Xia & Yu
(2019), while in this paper we focus on the stellar mass
range of 103M . M∗ . 1011M of the MZR. The
stellar feedback efficiency–stellar mass relation obtained
for the central galaxy in Mhalo & 1013h−1M needs not
to be used to explain their present-day stellar metallic-
ity. Thus the deviation of the stellar feedback efficiency
of the central galaxies in Mhalo & 1013h−1M shown in
Figure 8 will not affect our results and conclusions in this
work below.
The β–M∗ power-law scaling relation revealed in this
subsection implies the existence of the Vvir–M∗ and the
Mhalo–M∗ power-law scaling relations, as β is calculated
from Equation (6) with β ∝ V −2vir for a wide range of
M∗ or Vvir; for example, β is taken to be βE at Vvir .
200 km s−1 in Figure 2 in HYL14. As to be mentioned in
Section 5, testing the origin of the β–M∗ relation (and
the Mcold–M∗ relation) is one of the next steps of the
work.
4.2. The MZRs obtained from our chemical evolution
model
By applying the above best-fit Mcold–M∗ and β–M∗
power-law scaling relations (listed in Tables 1–2) to the
analytic chemical evolution model constructed in Sec-
tion 3.2, we obtain the expected MZRs, which is done
in details by substituting the scaling relations of Equa-
tions (49) and (50) into Equations (38) and (13) for the
β-, g-, and p-models in Section 3.2. For illustration, we
show one example in Figure 9, by adopting the best-fit
parameters (αgs, bgs, αβs, bβs) obtained for the satellite
progenitors with Mhalo = 2×1012h−1M. As the Mcold–
M∗ and β–M∗ power-law scaling relations are shown to
be roughly universal, the results for other cases do not
differ much. We show the results of the β-, g-, and p-
models with different line types in Figure 9. Note that
the MZR results of the β-model are also obtained nu-
merically from Equations (38) and (13), not from the
approximations of β  1−R and β  1−R analyzed in
Section 3.2, so that the presented results cover β ∼ 1−R
continuously. To illustrate the effectiveness of the chemi-
cal evolution model, the MZR results obtained from both
the SAM in Xia & Yu (2019) and observations are also
shown in Figure 9(d) and (e) almost all of which fall in
the gap between the g− and β-model results in the range
of 103M ≤M∗ ≤ 1010M as shown in Figure 9(f). Note
that the g-model and the β-model represent the upper
and lower bounds on the assumption of the infalling hot
gas metallicity, and the differences among the g-, p-, and
β-model results are not larger than 1 dex, so the MZRs
are located within a narrow space and appear universal
as shown in Xia & Yu (2019).
Note that for the MZRs of satellites, the Mcold–M∗ re-
lation and the β–M∗ relation used to obtain the dotted
lines shown in Figure 9 are obtained from the satellite
progenitors (before their infall into a bigger halo), while
the solid lines shown in Figure 9 are shown for satellites
obtained after the satellite progenitors fell into a bigger
halo. Here we argue that the evolution of the MZRs in
satellites after their infall is negligible. As mentioned in
Section 2 and in HYL14, we apply the energy condition
only to a galaxy before it becomes a satellite. We do not
apply it to satellites, but assume that the reheated gas
from satellites (with mass expected by Equations 3 and
4) is expelled into the big host halo, as the original halos
of the satellites are largely tidally disrupted along their
motion in the big host halo, and the tidal field induced by
the big host halo also helps to keep those expelled materi-
als out of the satellites. According to the stellar feedback
model described in Section 2, after the infall, the effec-
tive stellar feedback efficiency changes from βE shown by
Equation (6) to β shown by Equation (4), which increases
significantly (mostly in the low-M∗ range; see also figure
1 in HYL14). The chemical evolution model of a satel-
lite after its infall can be approximated by the leaky-box
model described in Section 3. Thus the change of the
stellar mass after the infall is not significant due to the
significant increase of β (see Eq. 18), and neither is the
change of the stellar metallicity (see Eq. 21).
As mentioned above, the β-, g-, and p-models are based
on some simple assumptions on the ratio of the hot gas
metallicity Zhot to the cold gas metallicity Zcold. In Fig-
ure 9, we also demonstrate how the MZRs expected from
the chemical evolution model with other different ratios
ξ are distributed between the g- and the β-model results.
As seen from the distribution, the expected MZR when
ξ . 0.1 is quite close to the expectation from the β-
model. The realistic ratios of ξ obtained for the satellite
progenitors in our SAMs are mostly distributed in the
range of 0.1–0.9 at their infall into bigger host halos.
As mentioned above in Section 3.2, the exponents in
the MZRs are expected to be closely related to the expo-
nents in the power-law scaling relations of the Mcold–M∗
relation and the β-M∗ relation, 1−αgs or −αβs, which is
supported by the SAM results and the exponents shown
in Tables 1 and 2, as summarized below.
• The slopes of the MZRs obtained from the SAM in
Xia & Yu (2019) are in the range of ∼ 0.2–0.4, as
mentioned at the end of Section 2.
• For the β-model, the slope of the MZR expected
by Equation (41) with α = 0 equals to −αβs,
which is shown to be in the range of 0.23 to 0.31
for Mhalo ∼ 5 × 1010–1015h−1M in Table 2,
consistent with the SAM results. Note that the
exponents in Tables 1 and 2 are generally satis-
fied with α = 1 − αgs + αβs ∼ −0.14 to 0.18
and
kgs
kβs
· 10−3(1−αgs+αβs) = 10bgs−bβs−3 ∼0.5–3 for
Mhalo ∼ 5×1010–1015h−1M, and correspondingly
1−R+β
1−R · M∗Mcold ∼0.5–5.
• For the p-model and the g-model, the slope of the
MZR expected by Equations (44) and (48) equals
to 1−αgs, which is shown to be in the range of 0.21–
0.39 for Mhalo ∼ 5× 1010–1015h−1M in Table 1,
consistent with the SAM result.
5. SUMMARY AND DISCUSSION
In this work, we investigated the origin of the stel-
lar mass–stellar metallicity relations. We constructed a
chemical evolution model, based on the continuity equa-
tions in baryonic mass and metal mass conservations in
the galaxy formation and evolution model. We applied
some scaling relations between the cold gas mass and the
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stellar mass (Mcold–M∗) and between the feedback effi-
ciency and the stellar mass (β–M∗) to the model and ob-
tained some analytical solutions in the MZRs. The solu-
tions agree well with the simulation results obtained from
the SAMs and the MZR observations. The range be-
tween the upper and the lower bounds in MZRs predicted
in our models (through the upper and lower bounds in
the ratio of the hot gas metallicity to the cold gas metal-
licity) is narrow, which provides an explanation to the
universality in the MZRs revealed in the study by Xia &
Yu (2019). The exponents in the MZRs are closely con-
nected with the exponents in the Mcold–M∗ and β–M∗
power-law scaling relations.
The Mcold–M∗ and β–M∗ relations in this work rep-
resent the “average” evolutional tracks with the increase
of the stellar masses in a galaxy, which appears to be
universal for diverse star formation histories of different
galaxies. Our work shows that the formation of the MZR
is a result caused jointly by that the cold gas mass frac-
tion decreases with increasing M∗ and that the stellar
feedback efficiency decreases with increasing M∗ in the
galaxy growth. The MZR represents an “average” evo-
lutional track for the stellar metallicity of a galaxy.
In the chemical evolution model constructed in this
work, both the effects of gas inflows and outflows are
considered, and some specific assumptions used in the
previous models are removed (e.g., those in the “closed-
box” model, the “leaky-box” model, cold gas equilibrium,
metal mass equilibrium as discussed in Section 3). The
power-law scaling relations applied to the model are ob-
tained from the SAM in HYL14 and Xia & Yu (2019),
which give how the cold gas mass and the feedback effi-
ciency change with the increase of the stellar mass dur-
ing the growth of a galaxy. The effects of halo assemblies
and the physical processes of gas cooling are implicitly
included in the scaling relations extracted from the SAM,
and they result in star formation and the growth of the
stellar mass and the gas mass in a galaxy.
Our SAM simulation results show that the median re-
lations between the cold gas mass and the stellar mass
(Mcold–M∗) and between the stellar feedback efficiency
and the stellar mass (β–M∗) are distributed within a nar-
row space during the growth of M∗. During the growth
of a galaxy, the median relations between the cold gas
mass and the stellar mass appear to increase when the
stellar mass is small and decline when the stellar mass
is sufficiently large. The increasing part of the relation
appears to be universal in a power-law scaling relation-
ship, with log(Mcold/M) = αgs log(M∗/103M) + bgs
with αgs ∼0.6–0.8 and bgs ∼5.5–6.0 over a large range
of halo masses, during the growth of both central galax-
ies and satellite progenitors. The β–M∗ relation is also
roughly the same for the progenitor satellites within
1010h−1M . Mhalo . 1015h−1M and central galax-
ies in Mhalo . 2 × 1012h−1M, following a power-law
scaling relationship with β = αβs log(M∗/103M) + bβs,
αβs ∼ −0.4 to −0.2 and bβs ∼2.5–2.8. The exponents of
the MZRs are close to the exponents of 1−αgs or −αβs.
The following reasons have also been proposed in the
literature to explain the increase of the stellar metallicity
with increasing stellar mass revealed in nearby galaxies
by using (1) outflows, where β decreases with increasing
M∗; or (2) lower specific star formation rates in high-
mass systems; or (3) changing of the yield p due to dif-
ferent IMFs in different-mass systems. In this work, the
evolution of the ratio M∗/Mcold and the formation of
the MZR have the contribution from both outflows and
inflows, where inflows are associated with halo growth.
Point (2) can also be a consequence of a relatively high
M∗/Mcold ratio in high-M∗ systems. The change of p is
not necessary for this work to match the observational
MZR.
Some assumptions in some previous equilibrium mod-
els involving both inflows and outflows have been relaxed
in this work. In some special cases, e.g., Zhot = 0, there
exists some similarity (but not exactly the same) between
the form of the solution obtained in this work and the
form obtained in those previous equilibrium models. If
the expectations by some equilibrium models are com-
patible with observations, it may imply some kind of
reasonability in the assumption that a local equilibrium
at a given stellar mass is close to being reached in prac-
tice. The general solution obtained in our model can
be reduced to a local equilibrium model at a given stel-
lar mass, which requires that the average stellar mass
is sufficiently massive compared to the average cold gas
mass, in consideration of the effect of stellar feedback.
However, in general, the model in this work involves a
dynamical and secular evolution of the average stellar
mass and the average gas mass during the growth of a
galaxy, as well as the associated evolution of inflow gas
metallicity, where the mass growth of a galaxy can span
a vast mass range.
Xia & Yu (2019) show that a double power law exists in
the MZR relations for both central galaxies and stacked
satellites. In this paper, we do not investigate the details
on non-linear effects of the MZRs revealed in Xia & Yu
(2019), which can be related to the non-linear relations
in the Mcold–M∗ relations and in the β–M∗ relations.
Some next important steps of this work are to investi-
gate the evolution of the MZR with redshift (e.g., Ma et
al. 2016, where the evolution of the MZR with redshifts
is attributed to the redshift evolution of the gas mass
fraction within a halo, illustrated through cosmological
zoom-in simulations and a “closed-box” model), connect
it to cold gas phase metallicities revealed in observations
(e.g., Tremonti et al. 2004; Mannucci et al. 2010; Lee et
al. 2006) and the hot gas metallicities in DM halos, test
the Mcold–M∗ relation and the β–M∗ relation and their
origin, investigate the non-linear effects in the correla-
tions, and explore whether there exists a possible depen-
dence on three or more parameters (e.g., star formation
rate, as shown in Ellison et al. 2008; Mannucci et al.
2010; Barrera-Ballesteros et al. 2017) etc.
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Fig. 1.—: The median cold gas mass–stellar mass relation of the progenitor galaxies of satellites in one DM halo. The
different panels show the cases for different halos with masses ranging from 5× 1011 to 1× 1015h−1M (no results of
lower halo masses are shown due to a poor statistics). In each panel, each thin solid curve represents the evolution of
the cold gas mass with the stellar mass in the progenitor of one satellite until its infall, and Ntrack gives the number of
the evolution tracks that ever existed in the hierarchical merging history of the halo. For view clarity, we only show
1000 randomly selected tracks if Ntrack > 1000 in a panel. The inset in each panel illustrates one track. The values
of (Mcold,M∗) are recorded at the same cosmic time interval in our simulations. The logarithm of the stellar mass is
divided into some bins with a 0.5-dex interval, starting from log(M∗/M) = 3, i.e., [3,3.5],[3.5,4],.... The red squares
represent the median of the recorded (Mcold,M∗) of all the tracks in each bin. The error bars of the red dots represent
the range between the 16th and 84th percentiles of the distribution of the recorded Mcold in each bin. The Mcold
declines to low values at the high-M∗ end, which is associated with star formation and the exhaustion of cold gas,
and the slow increase of the halo mass in the halo assembly history. A linear least-squares fitting to the red dots is
performed in the range of log(M∗/M) =3–10, which is shown as the red solid line. The values of αgs and bgs shown in
each panel are the best-fit slope and intercept of the red solid line, which are in the ranges of ∼0.6–0.7 and ∼5.6–5.9,
respectively. See details in Section 4.1.1.
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Fig. 2.—: The median cold gas mass–stellar mass relation of the progenitor galaxies of satellites in stacked multiple
halos. In each panel, the number of the stacked halos with the same halo mass is listed in Table 1. The points and
the solid straight line are obtained in the same way as those done for the red squares and the red straight line shown
in Figure 1, except that the evolution tracks of the satellite progenitors are obtained from multiple trees in this figure.
The values of αgs and bgs shown in each panel are the best-fit slope and intercept of the solid line in each panel, which
are also listed in Table 1 and in the ranges of ∼0.61–0.79 and ∼5.5–6.0, respectively. See Section 4.1.1.
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Fig. 3.—: The median cold gas mass–stellar mass relation of the central galaxies in stacked multiple halos. The
simulation runnings used are the same as those done for Figure 2. Each thin solid curve represents the evolution track
of the central galaxy in one halo. The red points, their error bars, and the red straight line are obtained in a similar
way as those in Figure 1. The values of αgs and bgs shown in each panel are the best-fit slope and intercept of the
solid line in each panel, which are in the ranges of ∼0.57–0.69 and ∼5.7–6.0, respectively (as listed in Table 1). See
Section 4.1.1.
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, and the different lines represent the results obtained
with different Mhalo. The shaded grey region illustrates the 1σ dispersion around the blue solid line for the case of
Mhalo = 10
15h−1M, converted from the error-bars shown in Figure 2(i). The symbols (stars, triangles, diamonds,
and open circles), the dashed line, and the dotted line show some observation results for nearby galaxies (. 200 Mpc)
adopted from figure 3 in Peeples et al. (2014), which include the cold gas (atomic plus molecular) mass measurements
of disk galaxies by McGaugh (2005, 2012) and Leroy et al. (2008), a fit to the samples in McGaugh (2005, 2012) and
Leroy et al. (2008) and the star-forming galaxies in Saintonge et al. (2011) (dotted line; see eq. 9 in Peeples et al.
2014), the cold gas mass measurements in Local Group dwarf galaxies summarized by McConnachie (2012), a fit to
an HI-selected Arecibo Legacy Fast ALFA (Arecibo L-band Feed Array) survey and an optical-selected SDSS (Sloan
Digital Sky Survey) sample by Papastergis et al. (2012) (dashed line; see eq. 10 in Peeples et al. 2014). This panel serves
as a reference for the evolution of the mass ratio in the simulated galaxy evolution history (where low-M∗ progenitors
are at relatively high redshifts) to the observational results of nearby or low-redshift galaxies. See Section 4.1.1.
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TABLE 1: Best-fit results for the median Mcold–M∗ scaling relations
Objects Mhalo/(h
−1M) log(M∗/M) αgs bgs χ2 Nbin Ntree Ngalaxy Mres/(h−1M)
1× 1010 3− 4 0.24± 1.75 5.8± 1.6 - 2 100 9 104
5× 1010 3− 7 0.79± 0.05 5.5± 0.2 0.9 8 100 62 104
satellite 1× 1011 3− 7.5 0.76± 0.06 5.5± 0.2 2.6 9 100 165 104
progenitors 5× 1011 3− 9 0.68± 0.03 5.7± 0.1 4.3 14 100 2163 104
1× 1012 3− 10 0.61± 0.03 5.9± 0.1 15.7 14 100 5970 105
2× 1012 3− 10 0.66± 0.03 5.7± 0.1 3.3 14 100 15265 105
1× 1013 3− 10 0.65± 0.03 5.7± 0.1 2.9 14 100 102164 106
1× 1014 3− 10 0.65± 0.03 5.8± 0.1 2.0 14 10 85563 107
1× 1015 3− 10 0.61± 0.03 6.0± 0.1 0.9 14 10 543679 108
1× 1010 3.5− 6.5 0.69± 0.09 5.65± 0.22 0.2 6 100 100 104
5× 1010 3.5− 8.5 0.66± 0.03 5.82± 0.11 2.4 10 100 100 104
central 1× 1011 3.5− 9 0.66± 0.03 5.84± 0.10 1.9 11 100 100 104
galaxies 5× 1011 3.5− 10 0.64± 0.02 5.85± 0.09 1.3 13 100 100 104
1× 1012 3.5− 10 0.62± 0.03 5.89± 0.09 0.9 13 100 100 105
2× 1012 3.5− 10 0.61± 0.03 5.91± 0.10 1.6 13 100 100 105
1× 1013 4− 10 0.59± 0.02 5.97± 0.07 1.1 12 100 100 106
1× 1014 5− 10 0.57± 0.04 5.99± 0.12 2.5 10 10 10 107
1× 1015 4.5− 10 0.59± 0.01 5.94± 0.03 9.2 11 10 10 108
Note. — A summary of the linear least-squares fitting results for the median cold gas mass–stellar mass relations. The Mhalo is the
host DM halo mass at redshift zero, the column of log(M∗/M) gives the stellar mass range in the linear fitting, αgs & bgs are the best-fit
slopes and intercepts obtained from the fitting, respectively (see Eq. 49), χ2 is the chi-square value of the best-fit, Nbin is the number of
the bins used in each fitting, Ntree is the number of the trees stacked together for the fitting, Ngalaxy is the number of evolution tracks of
the corresponding galaxy objects in stacked halos, and Mres is the minimum progenitor halo mass set in the halo merger trees. The best-fit
results are also shown in Figures 2–3. See also Section 4.1.1.
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Fig. 5.—: The stellar feedback efficiency–stellar mass relation of the progenitor galaxies of satellites in one DM halo.
The curves, labels, and texts have the similar meanings as those in Figure 1, except that the physical variable Mcold
is replaced by the stellar feedback efficiency β. See Section 4.1.2.
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Fig. 6.—: The stellar feedback efficiency–stellar mass relation of the progenitor galaxies of satellites in stacked multiple
halos. The curves, labels, and texts have the similar meanings as those in Figure 2, except that the physical variable
Mcold is replaced by the stellar feedback efficiency β. See Section 4.1.2.
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Fig. 7.—: The stellar feedback efficiency–stellar mass relation of the central galaxies in stacked multiple halos. The
curves, labels, and texts have the similar meanings as those in Figure 3, except that the physical variable Mcold is
replaced by the stellar feedback efficiency β. See Section 4.1.2.
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Fig. 8.—: Comparison of the median stellar feedback efficiency–stellar mass relations obtained for satellite progenitors
and central galaxies within halos with a large range of halo masses. The curves, labels, and texts have the similar
meanings as those in Figure 4(a), except that the physical variable Mcold is replaced by the stellar feedback efficiency
β. See Section 4.1.2.
TABLE 2: Best-fit results for the median β-M∗ scaling relations
Objects Mhalo/h
−1M log(M∗/M) αβs bβs χ2 Nbin Ntree Ngalaxy Mres/(h−1M)
1× 1010 3− 4 −0.18± 0.70 2.37± 0.58 - 2 100 9 104
5× 1010 3− 7 −0.23± 0.03 2.44± 0.12 0.04 8 100 62 104
satellite 1× 1011 3− 7.5 −0.23± 0.03 2.47± 0.10 0.10 9 100 165 104
progenitors 5× 1011 3− 9 −0.26± 0.03 2.55± 0.09 0.03 14 100 2163 104
1× 1012 3− 10 −0.30± 0.02 2.65± 0.08 0.28 14 100 5970 105
2× 1012 3− 10 −0.29± 0.03 2.62± 0.09 0.07 14 100 15265 105
1× 1013 3− 10 −0.30± 0.03 2.65± 0.09 0.09 14 100 102164 106
1× 1014 3− 10 −0.31± 0.03 2.68± 0.09 0.12 14 10 85563 107
1× 1015 3− 10 −0.25± 0.02 2.46± 0.06 0.46 14 10 543679 108
1× 1010 3.5− 6.5 −0.13± 0.08 2.30± 0.18 0.04 6 100 100 104
5× 1010 3.5− 8.5 −0.23± 0.03 2.49± 0.09 0.48 10 100 100 104
central 1× 1011 3.5− 9 −0.28± 0.02 2.59± 0.07 0.47 11 100 100 104
galaxies 5× 1011 3.5− 10 −0.34± 0.02 2.73± 0.05 0.24 13 100 100 104
1× 1012 3.5− 10 −0.36± 0.02 2.74± 0.05 0.09 13 100 100 105
2× 1012 3.5− 10 −0.40± 0.02 2.82± 0.06 0.04 13 100 100 105
1× 1013 4− 10 −0.45± 0.02 2.89± 0.06 0.12 12 100 100 106
1× 1014 5− 10 −0.58± 0.03 3.26± 0.10 0.10 10 10 10 107
1× 1015 4.5− 10 −0.58± 0.02 3.21± 0.04 0.53 11 10 10 108
Note. — A summary of the linear least-squares fitting results for the median stellar feedback efficiency–stellar mass relations. This
table is similar as Table 1, except that the physical variable Mcold is replaced by the stellar feedback efficiency β. The fitting results are
also shown in Figures 6–7. See also Section 4.1.2.
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Fig. 9.—: Panel (a): The MZRs predicted by our analytical chemical evolution models constructed in Section 3. The
MZRs are obtained by applying the best-fit Mcold–M∗ and β–M∗ scaling relations to the analytical solution of our
chemical evolution model. The dotted, the dashed, and the dot-dashed lines represent the results obtained by the
β-, p-, and g-models, respectively, which have different assumptions on the ratio of ξ = Zhot/Zcold in Section 3. The
best-fit Mcold–M∗ and β–M∗ scaling relations are adopted from those obtained for satellite progenitors in halos with
Mhalo = 2×1012h−1M, with αgs = 0.66±0.03 and αβs = −0.29±0.03 as shown in Tables 1 and 2, respectively. The
slopes of the three lines are ∼ 0.3 (∼ −αβs or 1 − αgs). Panel (b): The MZRs predicted by our analytical chemical
evolution models with other different ξ are shown by the grey dashed lines, where the same example as shown in panel
(a) is used (for satellite progenitors in halos with Mhalo = 2× 1012h−1M). Panel (c): The β-model results obtained
for different halo masses are shown by the dotted lines with different colors, where the best-fit Mcold–M∗ and β–M∗
scaling relations obtained for the satellite progenitors with the corresponding halo masses are applied. We do not show
the g- and p-model results for other different halo masses, as the model results depend on the ratio of M∗/Mcold (see
Eqs. 44 and 48) the Mcold–M∗ relations appear quite universal for the different halo masses as shown in Figure 4(a).
Panel (d): The MZRs obtained from our SAM simulations in Xia & Yu (2019). The open circles represent central
galaxies within DM halos with different masses, which are adopted from figure 4(a) in Xia & Yu (2019). The thick
solid lines represent the fitting results to the open circles, which are the same as the dotted lines shown in figure 4(a)
in Xia & Yu (2019). The thin solid lines represent our simulation results for the satellites within different DM halos,
which are adopted from the solid lines in figure 4(c) in Xia & Yu (2019). Panel (e): Observational MZRs, which are
the same as figure 4(b) in Xia & Yu (2019). The red filled squares are the observational results for dwarf galaxies
in the Local Group (see Figure 9 in Kirby et al. 2013). The blue solid line gives the median of the MZR for 44,254
late-type galaxies drawn from SDSS DR2 (Gallazzi et al. 2005), and the light blue region is between 16th and 84th
percentiles of the distribution. Panel (f): combination of panels (a), (d), and (e), where the open circles shown in
panel (d) are removed for view clarity. See Section 4.2. This figure shows that both the MZR results obtained from
the SAM in Xia & Yu (2019) and observations fall in the gap between the g- and β-model results in the range of
103M ≤M∗ ≤ 1010M as shown in panel (f). Note that the g-model and the β-model represent the upper and lower
bounds on the assumption of the infalling hot gas metallicity (with ξ = 1 and 0, respectively), and the differences
among the g-, p-, and β-model results are not larger than 1 dex, so the MZRs are located within a narrow space and
appear universal as shown in Xia & Yu (2019).
